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Abstract
Light propagation in plane-parallel scattering

particulate media has been well studied over the last
decades in the regime of radiative transfer (RT). A number
of numerical methods have been developed to achieve
both computational efficiency and numerical accuracy [1].
While being fast, the plane-parallel model lacks the fidelity
to the nature of some media in their shape. Moreover, the
assumption of a spatially uniform light source does not
reflect the nature of active laser-based measurement
techniques. Although reliable numerical models for
computing and interpreting the interaction of a light
source with limited width and non-uniform intensity
distribution against a three-dimensionally (3D) shaped
medium are highly desirable, a very limited number of
numerical methods have been developed (in comparison
with the plethora of numerical solutions available for
plane-parallel media). With few exceptions in the
atmospheric optics literature, Monte Carlo methods [2]
and the Spherical Harmonic Discrete Ordinate Method
[3,4] have been developed and used as accurate methods
to solve this problem.

However, to meet the requirements of computational
efficiency for particle retrieval purposes, numerically faster
models are still highly desirable. Therefore, diffusion-
based models, as approximations for RT in optically thick
media, have been and continue to be developed. Through
inclusion of internal sources to the diffuse light field
contributed by thermal emission and/or directly-
transmitted sunlight with a first-order (i.e., 4-term)
expansion of the radiance field and phase function into
spherical harmonics, Davies [5], Liou [6] and coworkers [7]
have derived and solved the resulting steady-state 3D
diffusion equation, a Poisson-type partial derivative
equation (PDE) with Robin-type boundary conditions
(BCs). They used there efficient diffusion models to
approximate RT in horizontally finite cuboidal clouds as
well as internally variable cirrus and stratus clouds where
the characteristic horizontal extension is mimicked by
applying cyclical BCs.

Davis [8] did the same for a narrow pulsed laser beam
illuminating a uniform plane-parallel medium that is
representative of an optically thick stratus cloud to model
the signals of multiple scattering lidar systems. By
switching from the space-time domain to Fourier-Laplace
space, he addressed the inherent time dependence and

horizontal propagation of the signal at a laser wavelength
such as 512 nm (2 x Nd:YAG) that is not absorbed by liquid
water in cloud droplets.  Specifically, he reduced it to a
classic analytically tractable boundary-value problem in
1D “two-stream” RT with steady/uniform illumination,
which is encoded in a pair of coupled ordinary differential
equations (ODEs).   In this case, however, it is for fictitious
wavelengths with variable amounts of absorption. This
strategy proved useful for developing a retrieval algorithm
and estimating signal-to-noise ratios for the operational
detection of laser pulses returned from optically thick
stratiform clouds.

By forgoing the internal representation of the pulsed
laser beam and instead representing it with a diffuse pulse
of light emanating from at a single point on the cloud’s
boundary, and by using the same first order truncation of
the spherical harmonics expansion of the space-time Green
function, we simplify the diffusion model in the cw limit to
Laplace or Helmholtz PDEs (respectively for non-
absorbing and absorbing wavelengths) in general cloud
geometry. Davis and Xu [9] then argue that the diffusion
model will remain analytically tractable if it is generalized
from media with plane-parallel slab geometry (1D RT) to
media composed of any combination of constant-
coordinate surfaces in any one of the standard curvilinear
coordinate systems.  We therefore have the potential for
analytically tractable models for 3D RT, at least in the
diffusion limit. The closed-form solution is then obtained
by variable separation and point-matching methods for an
arbitrary distribution of surface illumination, including a
laser-like concentration at a single boundary point. While
maintaining numerical accuracy to some extent with
respect to the RT reference model, such a model has a
significant advantage in computational efficiency.

We have explored so far a class of 3D media composed
of spheres, oblate and prolate spheroids and assemblies of
two hemi-spheroids with different aspect ratios, assuming
uniform illumination by parallel beams of sunlight at any
angle with respect to the axis of rotational symmetry [9].

Having such a foundation to build upon, we can return
to the pulsed point source problem that approximates
signal physics for multiple scattering lidars, now aimed at
clouds with finite aspect ratios (ARs) viewing the standard
plane-parallel cloud model as having an infinite AR.  To
this effect, we again use the Laplace transform of the
pertinent time-dependent diffusion equation (heat-
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type/parabolic PDE) to obtain the previously solved
Helmholtz PDE where, in this case, the pseudo-absorption
term captures time dependence in Laplace space.  We thus
obtain the solution for pulsed laser interaction with a
cloud shaped as an assembly of two hemi-spheroids, a
conveniently parameterized representation of 3D (finite
AR) clouds that deviate strongly from slab geometry.

As an example of application, we compare predictions
for quantities observable derived from raw multiple
scattering lidar signals for the plane-parallel (AR = )
cloud [10] and horizontally finite (AR < ) ones of equal
geometrical thickness (H) and optical () thickness.  We
furthermore linearize our diffusion theoretical forward
model to analyse the cloud information content of multiple
scattering lidar signals in a statistical sense [11].  Following
[7], we illustrate using instrument specs for two existing
multiple scattering lidar systems, namely the Los Alamos
National Lab’s ground-based Wide-Angle Imaging Lidar
(WAIL) [12] and NASA’s shuttle-based Lidar-In-Space
Technology Experiment (LITE) [13].

In the remainder of this summary, we describe our on-
going research program in equations and figures.

1 Geometry, symbols, and equations
Figure 1 shows the parameterized geometry of the

spheroidal optical medium M that will seek to probe with
a pulsed laser aimed along its axis of rotational symmetry.
Its shape and size can be represented either with the three
semi-major axes (a,cR,cT).  Alternatively, one can use the
top-to-bottom thickness for size and two non-dimensional
ones for shape: M(H,b,AR). Parameter b = cT/cR thus
quantifies the deviation of the 3D medium from an even
more idealized shape, namely, the mirror-symmetric
spheroid (b = 1).  The aspect ratio parameter AR is given
by 2a/(cR+cT). The (transport) extinction coefficient t, or
mean-free-path (MFP) t = 1/t, must also be specified.
Alternatively, one can use the transport (or “scaled”
optical thickness) t = tH = H/t. The figure also shows
schematically (in green) the diffusion wave of scattered
laser light propagating away from the isotropic point
source at an early time.  Finally, we can visualize the
limiting case of a plane-parallel slab, namely, M(H,b,).
The complete set of structural and optical parameters that
we wish to retrieve from remotely observable responses to
pulsed laser irradiation of M is the so-called state vector
[11], denoted
x = (H, b, AR; t)T, (1)
where superscript “T” means transpose. So x nwith, in
this case, n = 4. In Fig. 1, we have set b = 1/4 and AR = 8/5.

We wish to compute the scalar flux of radiant energy
J(t,x,y,z) in M(x) and at its boundary ∂M(x). In the absence
of internal sources and in the limit of RT when MFPs are
small with respect to all the dimensions of the medium, in
this case H, J(t,x) obeys the classic 3+1D diffusion equation:

¶
¶t
+DÑ2
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ø
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where D = ct/3 is the diffusivity constant. The second-
order PDE in (1) follows from
1) the conservation of radiant energy, c–1∂tJ+∂xF = –aJ in

the absence of internal sources, where a is the
absorption coefficient (= 0, in this case), and

2) Fick’s constitutive law for diffusion, F = –D∂xJ, which
yields the vector flux.

The former expression is exact (0th-order angular moment
of the integro-differential RT equation).  The latter,
however, is an approximation that results from the
truncation of spherical harmonic expansion of the radiance
field and the scattering phase function at 1st order. In the
latter case, it reads as p(µs) = (1+3gµs)/4π where µs is the
cosine of scattering angle and the so-called asymmetry
factor g is the mean value of µs averaged over the phase
function.  The previously used “transport” extinction
coefficient t = (1–g)s+a, where s is the scattering
coefficient.  In RT theory, the differential cross-section for
scattering is written as sp(µs).

Figure 1 Parametric geometry of the optical medium.

BCs for (2) must specify the ingoing flux of radiant
energy and therefore are of the 3rd or “Robin” type.  For
the present problem, we have:

Fin (t,x)=
1
4
1+c tn(x)×Ñ( )J=d(t)d(x)d(y)d(z-cR) (3)

where n(x) is the outgoing normal to ∂M(x) at boundary
point x, and  is a numerical constant that controls precise
value of the so-called extrapolation length scale, t.  This
is not a variable per se it has been determined in the
literature (primarily for neutron transport [e.g., 14]) to take
values such as 1/√3 ≈ 0.577, 2/3, or 0.7104… by comparison
between diffusion and RT predictions in one form or
another.  We usually adopt the intermediate value of 2/3.

We are particularly interested in the outgoing boundary
fluxes

Fout (t,x)=
1
4
1-c tn(x)×Ñ( )J=J(t,x)2 -Fin (t,x) , (4)

especially those for
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z=z¶M
(R)(x, y)=

cR
a
x2+y2 ³0 ,

in Fig. 1, as they can be observed in reflective geometry
(hence the subscript “R” in cR, while “T” stands for the
transmissive side of the medium). Therefore, a natural
way of defining the forward model in this remote sensing
inverse problem, F(x) m, is to think of a large but finite
number m of samples of the space-time reflected flux field:

R(t,) = Fout(t,x,y,z∂M(R)(x,y))|x=,y=0. (5a)
Sampling can be at boundary points with z∂M(R)(,0) ≥ 0 in
the y = 0 plane. In short, we have
F(x) = (R(t1,1),…,R(tm,m))T. (5b)
However, to implement efficient retrievals of x using
optimization techniques and/or perform a predictive error
quantification, or a statistics-based information content
analysis, we need to access the Jacobian matrix K = ∂F/∂x.
Moreover, it is vastly preferable to be able to compute it
analytically by linearizing the forward model F(x), i.e.,
enhancing it with the capability of delivering an accurate
estimate of K at little cost in efficiency (finite differencing
is not an option). It is not clear how to do that for the F(x)
proposed in (5), but we do have a path forward if we turn
to moments of R(t,).

2 Spatial and temporal moments as observables
More convenient and potentially more robust (less

noisy) sets of observable quantities can be derived from
R(ct,) or its discretized version in (5a,b), with enough
samples, in the form of statistical moments. Letting

Rtot=2p
cR
a

R(ct,rq)
0

p/2

ò
0

¥

ò rq
drq
dq
dqdct (5)

be the overall reflectivity (albedo) of the medium,
R(ct,)/Rtot is a bi-variate probability density distribution
(PDF), where we henceforth use path ct rather than time t
per se (previous R(…) is simply divided by c). Radial
distance from the z-axis of rotational symmetry (a.k.a. laser
beam), , is now expressed as a monotonic map from
[0,π/2] to [0,a] defined implicitly in Fig. 1 for boundary
points, i.e., when z = z∂M(,0) = cR×(1–(/a)2)1/2. From there,
we define the marginal PDFs

pR
(t)(ct)=2p

Rtot
´
cR
a
R(ct,rq)

0

p/2

ò rq
drq
dq
dq, (6)

for the time domain, and

pR
(s) (rq)=

1
Rtot

R(ct,rq)dct
0

¥

ò , (7)

for radial distance to the narrow collimated laser beam.
We can now compute temporal moments,

(ct)q = (ct)q pR
(t)(ct)dct

0

¥

ò , (8)

and spatial counterparts,

rq
2q =2p rq

2qpR
(s) (rq)rqdrq

0

a

ò , (9)

for q = 1,2,3,… .
An alternative vector of observables, with m = 5 > n = 4,

could be F(x) = (<ct>, <(ct)2>, <(ct)3>, <
2>; Rtot)

T.  Or,
better still,

F(x) = (<ct>,<(ct)2>/<ct>2,<(ct)3>/<ct>3,<
2>/<ct>2;Rtot)

T. (10)
Note that in the latter choice, we have one quantity with
physical units of length and three non-dimensional ones,
as for x in (1). Note also that we have isolated with a “;”
the overall albedo Rtot since it is the only observed quantity
that relies on absolute radiometric calibration, and
knowledge of the transmitter’s instantaneous power.  So if
we can avoid using it, thus reducing m from 5 to 4 in the
moment-based scheme, it lessens significantly the burden
on the instrument development effort. At any rate, these
integrated quantities are much fewer, and will be far less
noisy, than the relatively large set {R(ti,i), i = 1,…,m} used
to compute them in the discretized world.

Another significant advantage of working with spatial
and temporal moments is that their forward model can be
made analytically tractable in closed form. Indeed, we first
note that the temporal moments in (9) can be derived
directly from the Laplace transform of (7), known in
probability theory as the moment generating function:

p̂R
(t)(s/ c)=exp(-st) = pR

(t) (ct)exp(-(s/ c) ćt)dct
0

¥

ò . (12)

We only need to know the Taylor series expansion of (12)
at s/c = 0,

p̂R
(t) (s/ c)= 1

q!q=0

¥

å ´
dq p̂R

(t)

d(s/ c)q
s=0

(s/ c)q

= -1( )q
q=0

¥

å (ct)q (s/ c)q
, (12’)

to obtain explicit expressions for the temporal moments, as
functions of x, using term-by-term identification, based on
the definition of <(ct)q> in (9).

Now, p̂R
(t)(s/ c) itself can be derived from the Laplace

transform Ĵ(s/ c,x) of J(t,x) using the Laplace transforms
of (4)–(5a,b) and normalization in (7). As it turns out,
Ĵ(s/ c,x) obeys a steady-state diffusion PDE for scattering
and partially absorbing media that we already know how
to solve:
Ñ2-a2( )̂J=0 , (11)

where a2 = 3at in our previous work [9], but here it is
identified as a2 = s/D = (3/t)×s/c. BCs for Ĵ(s/ c,x) are as in
(3), but without the (t) = (ct)/c that has become unity after
Laplace transformation.

As for the spatial integrations in (6)–(7), as well as the
estimation of the even-order moments of  in (10), they
are easily handled since the analytical solution of (13) in
M(H,b,AR) is expressed in a Legendre series expansion
generalized for the relevant elliptical coordinates.   The
main difference with [9] is that, here, Legendre coefficients
for the singular BC in (2), without (t), must be computed
analytically.
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To summarize, we are in the process of deriving closed-
form analytical expressions for moment-based version of
F(x) in (11) in the form of truncated Legendre series
expansions.  This gives us the opportunity to compute
analytically the Jacobian matrix K = ∂F/∂x.  From there, one
can follow Rodger’s guidance in [11] to estimate the
statistics-based information content of multiple scattering
lidar observations of 3D optical media.  That formalism
requires a rational estimate of the measurement error,
which in this case is dominated either by shot noise
(Poissonian statsitics of photon counting) or by the noise
(variability) of the background light entering the receiver
at the laser wavelength (within the bandpass of the
background rejection filter).  Those noise levels will be
computed following the methodology used in [8].

3 Validity of the plane-parallel slab assumption
One motivating application of our explicit knowledge

of the forward model F(H,b,AR;t) is to compare it directly
with F(H,b,∞;t).  That particular multiple scattering lidar
signal model was first worked out by Davis et al. [10] for
plane-parallel media as an approximation for stratiform
clouds.  We will denote it as F∞(x) for simplicity, and
underscore the reduced set of unknown cloud parameters
x = (H;t)T.  The goal is to determine at what values of AR
and b we need to worry about the 3D cloud geometry, and
if deviations from the F∞(H;t) prediction are systematic.

Figure 2 Forward model elements F∞(H;t) versus scaled optical
thickness t when H = 1 and  = 2/3.

In slab geometry (AR∞, arbitrary b), there are no
variables to separate. After a 2D Fourier transform in the
(x,y) plane, hence ∂x

2+∂y
2 –k2, the PDE problem in (13)

with BCs in (3), without (t)(x)(y) after Fourier-Laplace
transformation (denoted by an overscore “~”), becomes a
boundary-value ODE problem. Specifically, we shall solve

d2

dz2
-a2

é

ë
ê

ù

û
úJ=0, with a2(s/ c,k, t )=k

2+3
 t
ś/ c

J+xd
J
dz

é

ë
ê

ù

û
ú
z=H

=4, J-xd
J
dz

é

ë
ê

ù

û
ú
z=0

=0, withx( t )=c t

ì

í

ï
ï

î

ï
ï

, (12)

where  t =H /tt .  Based on (4), this leads to

R(s / c,k;x)=
J a(s/ c,k, t ),x( t ),H( )

2
-1

= 1-(xa)2

1+(xa)2+2xa/tanh(aH )

. (13)

Series expansions of R(s/c,k;x) up to order 3 in s/c, cf.
(12’), and in k2 lead to the following expressions for the
moments in F∞(x):

Rtot (x)=
tt / 2c
1+tt / 2c

=1- 1
1+tt / 2c

r2 (x)=H 2´ 8c
3tt

æ

è
çç
ö

ø
÷÷́ 1+C1(tt / 2c)éë ùû

ct (x)=H´2c( )́ 1+C1(tt / 2c)éë ùû

(ct)2 (x)=H 2´ 4ctt
5

æ

è
ç

ö

ø
÷́ 1+C2(tt / 2c)éë ùû

(ct)3 (x)=H 3´ 24ctt
2

35

æ

è
çç

ö

ø
÷÷́ 1+C3(tt / 2c)éë ùû

, (14)

where the scaling with H and (asymptotically) with t is
highlighted. The moment ratios used in (11) to form F∞(x)
follow immediately. In the above expression for Rtot = 1–
Ttot (in non-absorbing media), we recognize the well-
known expression for total (diffuse+direct) transmission
Ttot that goes back at least to Schuster’s seminal paper [15].

The pre-asymptotic correction terms, Cq(t), are
rational functions where the polynomial in the numerator
is order q and order q+1 in the denominator.  Figure 2
shows how the various elements of F∞(x) depend on t
when we set H = 1 and  = 2/3.

A practical algorithm to obtain x = (H;t)T from F∞(x) in
this 1D scenario is to first estimate t from anyone of the
red or green curves in Fig. 2, with the caveat that Rtot (in
red) calls for absolute sensor calibration and the highest-
order moment (q = 3) will be the most vulnerable to noise.
So the rule-of-thumb is that, if only time-domain data is
collected, use <(ct)2>/<ct>2, and if spatial as well as
temporal data is available, use <

2>/<ct>2. Then the blue
curve, at the same t, is used as a multiplier to convert the
observed value of <ct> into an estimate of H.

In the case of 3D media, To obtain x = (H,b,AR;t)T from
observed values of F(x), will likely call for a numerical
minimization of a cost function in the least-squares sense,
which will call for the Jacobian matrix.
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